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A NOTE ON A MULTILINEAR LOCAL T b THEOREM FOR
CALDER ´ON-ZYGMUND OPERATORS
JAROD HART AND LUCAS OLIVEIRA
ABSTRACT. In this short note, we extend a local Tb theorem that was proved in [3] to a full multi-
linear local T b theorem.
1. INTRODUCTION
In [3], we proved a multilinear local T b theorem for square functions, and applied it to prove a
local T b theorem for singular integrals. The local T b theorem for singular integrals had “local T b
type” testing conditions for the operator T on pseudo-accretive collections {biQ} for i = 1, ...,m,
but tested the adjoints of T on the constant function 1; see [3] for more details on this. In this
note, we make a few observations to show that this result can be extended to the following local
T b theorem for multilinear singular integral operators.
Theorem 1.1. Let T be a continuous m linear operator from S ×·· ·×S into S ′ with a standard
Caldero´n-Zygmund kernel K. Suppose that T ∈WBP and there exist 2 ≤ q < ∞ and 1 < qi, j < ∞
with 1q j = ∑mi=1
1
qi, j and an m-compatible collection of functions {b
i, j
Q } indexed by dyadic cubes Q
and j = 1, ...,m such that
∫
Q
(∫ ℓ(Q)
0
|QtT ∗ j(Ptb1, jQ , ...,Ptbm, jQ )(x)|2
dt
t
) q j
2
dx. |Q|.(1)
Then T is bounded from Lp1 ×·· ·×Lpm into Lp for all 1 < pi < ∞ such that 1p = 1p1 + ·+ 1pm . Here
we assume that this estimate holds for any approximation to the identity Pt with smooth compactly
supported kernels and any Littlewood-Paley-Stein projection operators Qt whose kernels also are
smooth compactly supported function.
The precise meaning of (1) is the following: For any ϕ,ψ∈C∞0 such that ϕ̂(0) = 1 and ψ̂(0) = 0,
(1) holds for Pt f = ϕt ∗ f , Qt f = ψt ∗ f , ϕt(x) = 1tn ϕ( xt ), and ψt(x) = 1tn ψ( xt ), where the constant
is independent of the dyadic cube Q, but may depend on ϕ and ψ.
We prove this theorem by applying the square function estimates that were also proved in [3], but
with a few minor modifications to allow for the extension to Theorem 1.1. This note is intended
to be an addendum to the article [3]. So the reader should refer to that article for definitions,
discussion, and history related to these results.
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2. A FEW DEFINITIONS AND RESULTS FROM [3]
Define the family of multilinear of operators {Θt}t>0
Θt( f1, ..., fm)(x) =
∫
Rmn
θt(x,y1, ...,ym)
m
∏
i=1
fi(yi)dyi(2)
where θt : R(m+1)n → C and the square function
S( f1, ..., fm)(x) =
(∫
∞
0
|Θt( f1, ..., fm)(x)|2 dtt
) 1
2
(3)
associated to {Θt}t>0, where fi for i = 1, ...,m are initially functions in C∞0 (Rn). Also assume that
θt satisfies for all x,y1, ...,ym,x′,y′1, ...,y′m ∈ Rn
|θt(x,y1, ...,ym)|.
t−mn
∏mi=1(1+ t−1|x− yi|)N+γ
(4)
|θt(x,y1, ...,ym)−θt(x,y1, ...,y′i, ...,ym)|. t−mn(t−1|yi− y′i|)γ(5)
|θt(x,y1, ...,ym)−θt(x′,y1, ...,ym)|. t−mn(t−1|x− x′|)γ(6)
for some N > n and 0 < γ ≤ 1. The following results was proved in [3].
Theorem. Let Θt and S be defined as in (2) and (3) where θt satisfies (4)-(6). Suppose there exist
qi,q > 1 for i = 1, ...,m with 1q = ∑mi=1 1qi and functions biQ indexed by dyadic cubes Q ⊂ Rn for
i = 1, ...,m such that for every dyadic cube Q∫
Rn
|biQ|qi ≤ B1|Q|(7)
1
B2
≤
∣∣∣∣∣ 1|Q|
∫
Q
m
∏
i=1
biQ(x)dx
∣∣∣∣∣(8) ∣∣∣∣∣ 1|R|
∫
R
m
∏
i=1
biQ(x)dx
∣∣∣∣∣≤ B3
m
∏
i=1
∣∣∣∣ 1|R|
∫
R
biQ(x)dx
∣∣∣∣(9)
for all dyadic subcubes R ⊂ Q
∫
Q
(∫ ℓ(Q)
0
|Θt(b1Q, ...,bmQ)(x)|2
dt
t
) q
2
dx ≤ B4|Q|.(10)
Then S satisfies
||S( f1, ..., fm)||Lp .
m
∏
i=1
|| f ||Lpi(11)
for all 1 < pi < ∞ and 2 ≤ p < ∞ satisfying 1p = 1p1 + · · ·+ 1pm .
If {bQ} satisfies (7) and (8), we say that {bQ} is a pseudo-accretive system. We say that {biQ}
for i = 1, ...,m is an m-compatible, or just compatible, collection of pseudo-accretive systems if
they satisfy (7)-(9).
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3. PROOF OF THEOREM 1.1
Proof of Theorem 1.1. Let Pt be a smooth approximation to identity operators with smooth com-
pactly supported kernels that P2t f → f as t → 0+ and P2t f → 0 as t → ∞ in S for f ∈ S0. Here
S0 is the subspace of Schwartz functions satisfying | f̂ (ξ)| ≤ CM|ξ|M for all M ∈ N. There ex-
ist Littlewood-Paley-Stein projection operators Q(i)t for i = 1,2 with smooth compactly supported
kernels such that t ddt P
2
t = Q(2)t Q(1)t = Qt . Using these operators, we decompose T for fi ∈ S0,
i = 0, ...,m
〈T ( f1, ..., fm), f0〉=
∫
∞
0
t
d
dt
〈
T (P2t f1, ...,P2t fm),P2t f0
〉 dt
t
=
m
∑
i=0
〈∫
∞
0
QtT (P2t f1, ...,Pt fi−1,Pt f0,Pt fi+1...,P2t fm)
dt
t
, fi
〉
=
m
∑
i=0
〈Ti( f1, ..., fi−1, f0, fi+1, ..., fm), fi〉 ,(12)
where we take the last line in (12) as the definition of Ti for i = 0,1, ...,m. It follows that Ti is a
multilinear singular integral operator with standard kernel
Ki(x,y1, ...,ym) =
∫
∞
0
〈
T ∗i(ϕy1t , ...,ϕymt ),ψxt
〉 dt
t
,
Also let Θit be the multilinear operator associated to
θit(x,y1, ...,ym) = Q(1)t T ∗i(ϕy1t , ...,ϕymt )(x),
and let Si be the square function associated to Θit . Note that θit(x,y1, ...,ym) 6=
〈
T ∗i(ϕy1t , ...,ϕymt ),ψxt
〉
,
and that Ti is not actually the integral of Θit (one has Qt and the other has Q(1)t ). Furthermore, by
the hypotheses on T ∗i and by the local T b theorem for square functions from [3], it follows that Si
is bounded from L2m ×·· ·×L2m into L2. Therefore we have
〈Ti( f1, ..., fm), f0〉=
∫
∞
0
∫
Rn
QtT (P2t f1, ...,P2t fm)(x) f0(x)dx
dt
t
=
∫
∞
0
∫
Rn
Q(1)t T (P2t f1, ...,P2t fm)(x)Q(2)∗t f0(x)dx
dt
t
≤ ||Si( f1, ..., fm)||L2
∣∣∣∣∣
∣∣∣∣∣
(∫
∞
0
|Q(2)∗t f0|2
dt
t
) 1
2
∣∣∣∣∣
∣∣∣∣∣
L2
. || f1||L2m · · · || fm||L2m|| f0||L2.
Hence Ti is bounded from L2m×·· ·×L2m into L2, and by the multilinear Caldero´n-Zygmund theory
developed by Grafakos and Torres in [1, 2], it follows that Ti also bounded from Lp1 ×·· ·×Lpm
into Lp for all 1 < p1, ..., pm < ∞ with 1p =
1
p1 + · · ·+
1
pm . In particular, it follows that Ti is bounded
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from Lm+1×·· ·×Lm+1 into Lm+1m for each i = 0,1, ...,m. Then continuing from (12), we have
| 〈T ( f1, ..., fm), f0〉 | ≤
m
∑
i=0
| 〈Ti( f1, ..., fi−1, f0, fi+1, ..., fm), fi〉 |
≤
m
∑
i=0
||Ti( f1, ..., fi−1, f0, fi+1, ..., fm)||L m+1m || fi||Lm+1 .
m
∏
j=0
|| f j||Lm+1.
Therefore T is bounded from Lm+1×·· ·Lm+1 into Lm+1m . Then it again follows from the multilinear
Caldero´n-Zygmund theory in [1, 2] that T is bounded from Lp1 × ·· · × Lpm into Lp for all 1 <
p1, ..., pm < ∞ such that 1p =
1
p1 + · · ·+
1
pm . 
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